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Vector	
  form	
  of	
  the	
  law	
  of	
  reflec7on	
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Matrix	
  form	
  of	
  the	
  law	
  of	
  reflec7on	
  

And	
  the	
  mirror	
  matrix	
  becomes:	
  



Matrix	
  form	
  of	
  the	
  law	
  of	
  reflec7on	
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where	
   Expanding	
  M	
  we	
  get:	
  

APer	
  calcula7ng	
  this	
  mirror	
  matrix,	
  any	
  vector	
  k1	
  gets	
  changed	
  by	
  reflec7on	
  from	
  
the	
  mirror	
  to	
  a	
  new	
  vector	
  k2,	
  calculated	
  by	
  simple	
  matrix	
  mul7plica7on	
  



A	
  series	
  of	
  reflec7ons	
  
•  A	
  series	
  of	
  reflec7ons	
  is	
  modeled	
  by	
  successive	
  mirror	
  matrix	
  mul7plica7ons.	
  	
  

•  Effect	
  of	
  any	
  set	
  of	
  mirrors	
  can	
  be	
  reduced	
  to	
  a	
  single	
  3x3	
  matrix	
  mul7plica7on.	
  	
  

•  If	
  light	
  bounces	
  off	
  mirror	
  1,	
  then	
  2	
  then	
  3,	
  the	
  net	
  effect	
  of	
  these	
  three	
  reflec7ons	
  is	
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Example:	
  find	
  the	
  reflected	
  coordinates	
  by	
  a	
  
mirror	
  with	
  its	
  normal	
  in	
  +z	
  direc7on	
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For this mirror 

n = 0î + 0 ĵ +1k̂

and M is: M=
1 0 0
0 1 0
0 0 −1

⎡
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And a set of coordinates will be reflected as 

x ' = Mx =
1 0 0
0 1 0
0 0 −1
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,   

y ' = My =
0
1
0
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,   z ' = Mz =
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⎥

An	
  incident	
  ray	
  traveling	
  in	
  the	
  +z	
  direc7on	
  will	
  be	
  reflected	
  to	
  travel	
  in	
  the	
  –z	
  
direc7on.	
  Images	
  of	
  the	
  x	
  and	
  y	
  axes	
  do	
  not	
  change.	
  



Parity	
  

•  The	
  determinant	
  of	
  the	
  mirror	
  matrix	
  gives	
  the	
  parity	
  
of	
  the	
  system.	
  	
  

•  An	
  even	
  number	
  of	
  reflec7ons	
  will	
  cause	
  the	
  image	
  to	
  
be	
  right-­‐handed,	
  or	
  to	
  have	
  parity	
  =	
  det(M)	
  =	
  1.	
  	
  

•  A	
  system	
  with	
  an	
  odd	
  number	
  of	
  reflec7ons	
  will	
  cause	
  
the	
  image	
  to	
  be	
  leP-­‐handed,	
  or	
  to	
  have	
  parity	
  =	
  det(M)	
  
=	
  -­‐1.	
  

•  Parity	
  of	
  one	
  mirror	
  is	
  odd	
  (–1).	
  	
  
•  The	
  image	
  of	
  a	
  right	
  handed	
  coordinate	
  system	
  will	
  
appear	
  to	
  be	
  leP-­‐handed	
  in	
  the	
  reflec7on.	
  	
  

•  This	
  means	
  that	
  clockwise	
  rota7on	
  about	
  any	
  basis	
  
vector	
  will	
  appear	
  counter-­‐clockwise	
  in	
  the	
  image.	
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Rota7ng	
  a	
  mirror	
  
•  Mirrors	
  with	
  any	
  orienta7on	
  can	
  be	
  defined	
  using	
  rota7ons.	
  The	
  effect	
  of	
  

rota7ng	
  a	
  mirror	
  M,	
  or	
  system	
  of	
  mirrors	
  that	
  has	
  equivalent	
  matrix	
  M	
  is	
  	
  

where	
  Mr	
  is	
  the	
  new	
  matrix	
  and	
  R	
  is	
  the	
  rota7on	
  matrix	
  given	
  below	
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Example:	
  rota7on	
  of	
  a	
  mirror	
  about	
  x	
  
axis	
  with	
  its	
  normal	
  in	
  +z	
  direc7on	
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Rotation about x-axis by α: the mirror matrix is

Mr = Rx α( )MzRx α( )T

Using the identity: AB[ ]T = BT AT  we have:

Mr = Rx α( )MzRx α( )T = Rx α( ) Rx α( )Mz
T⎡⎣ ⎤⎦

T

For this special case: Mz
T = Mz  & Rx α( )Mz⎡⎣ ⎤⎦ = Rx α( )Mz⎡⎣ ⎤⎦

T

Mr = Rx α( ) Rx α( )Mz
T⎡⎣ ⎤⎦

T
= Rx α( )Rx α( )Mz = Rx 2α( )Mz

So effect of α-rotation around x is 2α − rotation on the reflected beam.
Likewise effect of β-rotation around y is 2β-rotation on the reflected beam.



Exercise	
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Show that effect of γ -rotation around the z-axis on a mirror matrix 
wih its normal on the +z direction is: 
Mr = Rz γ( )MzRz

T γ( ) = Mz



Some	
  common	
  types	
  of	
  mirrors	
  I	
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Some	
  common	
  types	
  of	
  mirrors	
  II	
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How	
  to	
  find	
  the	
  mirror	
  matrix	
  for	
  a	
  
prism	
  or	
  mirror	
  system	
  

•  In	
  most	
  cases	
  it	
  is	
  possible	
  to	
  find	
  mirror	
  matrix	
  by	
  
inspec8on.	
  	
  

•  Following	
  the	
  z,	
  y,	
  and	
  z	
  coordinates	
  of	
  a	
  unit	
  vector	
  
through	
  the	
  system	
  using	
  the	
  bouncing	
  pencil	
  method	
  
and	
  mark	
  their	
  changes	
  as	
  the	
  vector	
  reflects	
  or	
  travels	
  
in	
  the	
  system.	
  	
  

•  We	
  only	
  need	
  to	
  trace	
  two	
  axes	
  through	
  and	
  use	
  the	
  
parity	
  to	
  get	
  the	
  third.	
  	
  	
  

•  Reverse	
  the	
  direc7on	
  of	
  rota7on	
  if	
  the	
  system	
  has	
  –1	
  
parity	
  	
  

•  Each	
  reflec7on	
  changes	
  parity	
  of	
  the	
  system	
  by	
  -­‐1.	
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Effect	
  of	
  small	
  rota7ons	
  of	
  any	
  prism	
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Apply the rotation transformations to the prism matrix Mp

                   Mr = Rx α( )MPRx
T α( )

This matrix defines the new line of sight and any image 
rotation.
For small angles (jitter) we use the small angle approximation. 
                           sinα ≈α    
                            cosα ≈ 1



Effect	
  of	
  small	
  rota7ons	
  of	
  any	
  prism	
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Some hints on rotation of prisms :  
for nearly all cases, prism rotation θ  about the 
x,y,or z axis does one of three things: 
1. causes image rotation about same axis by an 
amount 2θ  
2. has no effect on image about any axes 
3. causes image to rotate anamount ±θ  aout 
the other two axes.


