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Normal	
  stress	
  and	
  strain	
  
•  A	
  normal	
  stress	
  σ,	
  results	
  when	
  a	
  member	
  is	
  subjected	
  to	
  an	
  axial	
  

load	
  applied	
  through	
  the	
  centroid	
  of	
  the	
  cross	
  secFon.	
  	
  
•  The	
  average	
  normal	
  stress	
  in	
  the	
  member	
  is	
  obtained	
  by	
  dividing	
  

the	
  magnitude	
  of	
  the	
  resultant	
  internal	
  force	
  F	
  by	
  the	
  cross	
  
secFonal	
  area	
  A.	
  Normal	
  stress	
  is	
  



Tensile	
  and	
  compressive	
  stress	
  
•  NORMAL	
  stress:	
  	
  is	
  the	
  stress	
  σ	
  acFng	
  in	
  a	
  direcFon	
  perpendicular	
  

to	
  the	
  cut	
  surface.	
  
•  Normal	
  stressed	
  may	
  be	
  

–  	
  tensile	
  	
  
–  compressive.	
  	
  

•  Sign	
  conven<on	
  for	
  normal	
  stresses:	
  
–  Tensile	
  stresses	
  are	
  posi<ve	
  (+)	
  	
  
–  Compressive	
  stresses	
  are	
  nega<ve	
  (-­‐)	
  

•  Units	
  of	
  stress:	
  	
  
–  psi	
  (or	
  ksi	
  or	
  Msi)	
  
–  Pa	
  =	
  N/m2	
  

–  mPa	
  =	
  N/mm2	
  	
  
–  1	
  psi	
  ~=	
  7000	
  Pa	
  



Deforma<on	
  of	
  Axial	
  Members	
  

•  For	
  a	
  prismaFc	
  bar	
  of	
  
length	
  L	
  in	
  tension	
  by	
  axial	
  
force	
  F	
  we	
  define	
  the	
  
stress:	
  

•  Now,	
  define	
  strain	
  ε	
  as	
  
normalized	
  elonga4on:	
  	
  

σ =
F
A

ε = ΔL
L



Stress	
  and	
  strain	
  for	
  differenFal	
  
elements	
  

σ =
F
A
=
dF
dA

ε = ΔL
L

=
Δli
li

L = li
i
∑

ΔL = ΔLi
i
∑

For homogenous material and small deflections, stress is proportional to strain
                               σ = εE
E = Young’s modulus or modulus of elasticity 

Then elongation is: ε =
ΔL
L

=
σ
E
=

1
E
F
A
→ ΔL =

FL
EA

Deformation is proportional to the load and the length and inversely proportional 
to the cross sectional area and the elastic modulus of the material.



Modulus	
  of	
  elasFcity	
  
Young's Modulus = Stress

Strain
→ E =

σ
ε
=
F / A
ΔL / L

Modulus of elasticity has unit of pressure Pascal (SI) or psi (engineering)
1psi = 1 lb/in2  = 6 894.75729 pascals
E ~ 10,000,000 psi (10 Msi ~ 70 GPa) for aluminum 
E ~ 10,000,000 psi (10 Msi ~ 70 GPa) for glass
E ~ 30,000,000 psi (30 Msi ~200 GPa) for steel



Example	
  



Axial	
  rigidity,	
  SFffness,	
  Compliance	
  

Axial rigidity = EA 
A bar under tension is analogous to an axially loaded spring: F = Kδ ,  
K is the spring stiffness 
δ  is the string elongation under the force F. 
The above equation can be expressed as follows:

                      F  = AE
L

ΔL  =  KΔL→ K =
F
ΔL

K, stiffness of an axially loaded bar, is the force required to produce 
a unit deflection.
C  compliance is the deformation due to a unit load. Compliance of a 

axially loaded bar is:    C =
1
K

=
L
AE



Combining	
  members:	
  Parallel	
  



Combining	
  members:	
  series	
  



Materials	
  



Material:	
  Low	
  carbon	
  steel	
  

σ =
F
A

ε =
ΔL
L



Performance	
  of	
  the	
  material	
  under	
  stress	
  
E =

Stress
Strain

=
dσ
dε

 for small loads and small deflections

σYS,  Yield Strength :  The maximum stress that can be applied without 
exceeding a specified value of permanent strain (typically 0.2% = .002 in/in).
σ PEL ,Precision elastic limit  or micro - yield strength :  The maximum stress 
that can be applied without exceeding a permanent strain of 1 ppm or 0.0001%
σU,  Ultimate Strength :  
The maximum stress the 
material can withstand 
(based on the original area).



ResisFve	
  properFes	
  of	
  the	
  material	
  
•  ResisFve	
  properFes	
  of	
  materials	
  relate	
  the	
  stresses	
  to	
  the	
  strain.	
  	
  
•  They	
  can	
  only	
  be	
  determined	
  by	
  experiment.	
  
•  Tensile	
  test:	
  	
  

–  A	
  load	
  is	
  applied	
  along	
  the	
  longitudinal	
  axis	
  of	
  a	
  circular	
  test	
  specimen.	
  	
  
–  The	
  applied	
  load	
  and	
  the	
  resulFng	
  elongaFon	
  of	
  the	
  member	
  are	
  

measured.	
  	
  
–  The	
  process	
  is	
  repeated	
  with	
  increased	
  load	
  unFl	
  the	
  desired	
  load	
  levels	
  

are	
  reached	
  or	
  the	
  specimen	
  breaks.	
  
•  Load-­‐deformaFon	
  data	
  obtained	
  from	
  tensile	
  and/or	
  compressive	
  tests	
  do	
  

not	
  give	
  a	
  direct	
  indicaFon	
  of	
  the	
  material	
  behavior,	
  because	
  they	
  depend	
  
on	
  the	
  specimen	
  geometry.	
  

•  Using	
  the	
  relaFonships	
  we	
  previously	
  discussed,	
  loads	
  and	
  deformaFons	
  
may	
  be	
  converted	
  to	
  stresses	
  and	
  strains.	
  



Tensile	
  tes<ng	
  

1.  A	
  load	
  is	
  applied	
  along	
  
the	
  longitudinal	
  axis	
  of	
  
a	
  circular	
  test	
  
specimen.	
  	
  

2.  The	
  applied	
  load	
  and	
  
the	
  resulFng	
  
elongaFon	
  of	
  the	
  
member	
  are	
  measured.	
  	
  

3.  The	
  process	
  is	
  repeated	
  
with	
  increased	
  load	
  
unFl	
  the	
  desired	
  load	
  
levels	
  are	
  reached	
  or	
  
the	
  specimen	
  breaks.	
  



Strength	
  of	
  the	
  material:	
  stress	
  which	
  will	
  cause	
  the	
  material	
  to	
  break	
  



Strength	
  of	
  glass	
  



Poisson’s	
  raFo	
  
The ratio of lateral or transverse strain to the longitudinal strain.

Initial, unloaded state:
L :  lengt  
w :  Width

⎧
⎨
⎩

 

Deformed state after loading:
L ' = L + ΔL
w ' = w + Δw 

⎧
⎨
⎩

Longitudinal strain: ε z =
ΔL
L

Transverse strain: ε x =
Δw
w

⎫

⎬
⎪⎪

⎭
⎪
⎪

Poisson’s ratio: v = −
ε x
ε z



Poisson’s	
  raFo	
  for	
  some	
  material	
  
Poisson’s ratio for most materials ranges from 0.25 to 0.35.
Cork ⇒  ν  ≈  0.0 
Steel ⇒  ν  = 0.27 –  0.30 
Aluminum ⇒  ν  = 0.33 
Rubber ⇒  ν  ≈ 0.5 (limiting value for Poisson’s ratio, volume is conserved)



Shear	
  stress	
  and	
  strain	
  

 

Shear force V is the force spread over area A

Shear stress: τ =
V
A

For small elements: 
Stress: σ= dF

dA

Shear stress: τ =
dV
dA

⎧

⎨
⎪⎪

⎩
⎪
⎪

Units same as stress: psi or Pa 
1ksi  7MPa = 7N / mm2



Shear	
  strain	
  

 

Shear strain: γ = τ
G

   where τ =
V
A

 is the shear stress

G  is the shear modulus or modulus of rigidity

For linear, isotropic material: G =
E

2 1+ v( ) 
F / A

2 ε z + ε x( )
Where E =

σ
ε

 is the Young's modulus,  and v = ε x
ε z

 is the Poisson's ratio.



Shear	
  sFffness	
  

V : the shear force

δx = γ h = τ
G
h = V / A

G
h = Vh

AG

δx



Effect	
  of	
  shear	
  in	
  the	
  structure	
  

•  Shear	
  will	
  cause	
  tension	
  
and	
  compression	
  stress	
  
in	
  direcFons	
  at	
  450	
  to	
  
the	
  	
  direcFon	
  of	
  shear	
  
force.	
  



Structures	
  under	
  shear	
  

•  Which	
  structure	
  is	
  more	
  rigid	
  under	
  the	
  shear	
  shown	
  
in	
  the	
  picture?	
  



Shear	
  and	
  normal	
  stress	
  

•  At	
  every	
  point	
  in	
  a	
  stressed	
  body	
  there	
  are	
  at	
  least	
  three	
  planes,	
  called	
  principal	
  planes,	
  
with	
  normal	
  vectors	
  ,	
  called	
  principal	
  direc4ons,	
  where	
  the	
  corresponding	
  stress	
  vector	
  
is	
  perpendicular	
  to	
  the	
  plane,	
  i.e.,	
  parallel	
  or	
  in	
  the	
  same	
  direc4on	
  as	
  the	
  normal	
  
vector	
  ,	
  and	
  where	
  there	
  are	
  no	
  normal	
  shear	
  stresses	
  .	
  

•  	
  The	
  three	
  stresses	
  normal	
  to	
  these	
  principal	
  planes	
  are	
  called	
  principal	
  stresses.	
  
•  Shear	
  stress	
  along	
  the	
  principal	
  axis	
  is	
  zero	
  

?	
  



TransformaFon	
  of	
  normal	
  and	
  shear	
  
stress	
  

For	
  more	
  general	
  cases,	
  use	
  Mohr’s	
  circle	
  to	
  transform	
  coordinates	
  and	
  see	
  
transforma<on	
  of	
  normal	
  and	
  shear	
  stress	
  

Shear	
  strain	
  
Shear	
  stress	
  

Normal	
  
stresses	
  

Normal	
  	
  
strains	
  



•  Shear	
  strength	
  is	
  a	
  term	
  
used	
  to	
  describe	
  the	
  
strength	
  of	
  a	
  material	
  or	
  
component	
  against	
  the	
  type	
  
of	
  yield	
  or	
  structural	
  failure	
  
where	
  the	
  material	
  or	
  
component	
  fails	
  in	
  shear.	
  	
  

•  A	
  shear	
  load	
  is	
  a	
  force	
  that	
  
tends	
  to	
  produce	
  a	
  sliding	
  
failure	
  on	
  a	
  material	
  along	
  a	
  
plane	
  that	
  is	
  parallel	
  to	
  the	
  
direcFon	
  of	
  the	
  force.	
  	
  

•  Here	
  the	
  screw	
  may	
  fail	
  in	
  
shear.	
  

Shear	
  strength	
  



Bulk	
  modulus	
  
Bulk modulus defines compressibility of the material
For an element under uniform hydrostatic pressure P (in all directions)

Change in volume per unit volume = ΔV
V

 

We can show for small changes

ΔV = Δx
x

+Δy
y

+Δz
z

= ε x + ε y + ε z

Bulk modulus EB  is a material property, defined as

K = EB ≡
−P
ΔV
V

⎛
⎝⎜

⎞
⎠⎟

    Where P is the pressure

For isotropic materials:  EB ≡
E

3 1− 2v( )



Case	
  study:	
  so]	
  rubber	
  between	
  two	
  
sFff	
  plates	
  

Constrained layer: 
Δx ≅  0, Δy ≅  0, ΔA ≅  0 

ΔV ≅  AΔt=At Δt
t
= V Δt

t
⇒

ΔV
V

 = Δt
t

by definition of EB

P = − EB  ΔV
V

 = F
A
⇒  − EB

Δt
t
=

F
A

Δt ≅ F t
EBA

EB= E
3(1− 2ν)

 

for soft rubber,ν  ~0.5, EB  blows up 
For RTV rubber, E ~ 300 psi and EB~100,000 psi
The constraint makes the rubber seem 300 times stiffer!


