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Theory	
  of	
  kinema'c	
  design	
  
•  Every	
  rigid	
  body	
  has	
  6	
  degrees	
  of	
  freedom.	
  3-­‐transla'onal	
  and	
  3-­‐

rota'onal	
  
•  Theory	
  of	
  kinema'c	
  design	
  assumes	
  that	
  

–  perfectly	
  rigid	
  bodies	
  with	
  infinite	
  elas'c	
  modulus	
  have	
  point	
  
contacts.	
  	
  

–  Rigid	
  body	
  has	
  (6-­‐N)	
  degrees	
  of	
  freedom	
  where	
  N	
  is	
  the	
  number	
  of	
  
contact	
  points	
  

–  3	
  points	
  determine	
  a	
  plane.	
  More	
  that	
  3	
  contact	
  points	
  for	
  a	
  planar	
  
surface	
  causes	
  distor'on	
  of	
  the	
  surface.	
  	
  

–  A	
  rigid	
  body	
  with	
  more	
  that	
  6-­‐contact	
  points	
  is	
  overconstrained	
  and	
  is	
  
likely	
  to	
  be	
  distorted	
  and	
  uncertain	
  in	
  posi'on.	
  	
  

•  Kinema'c	
  deign	
  	
  
–  provides	
  mo'on	
  with	
  complete	
  lack	
  of	
  play	
  or	
  backlash	
  
–  Can	
  be	
  built	
  without	
  precision	
  manufacturing	
  techniques.	
  	
  	
  



More	
  on	
  kinema'c	
  Constraint	
  	
  
For	
  holding	
  a	
  body	
  (rigid	
  thing)	
  with	
  the	
  highest	
  precision,	
  we	
  

require:	
  
•  Full	
  6	
  DoF	
  constraint	
  	
  

–  	
  If	
  6	
  DoFs	
  not	
  fully	
  constrained,	
  then	
  one	
  is	
  loose.	
  
•  No	
  overconstraint.	
  Any	
  overconstraint	
  can	
  cause	
  problems:	
  

–  constraints	
  can	
  push	
  against	
  each	
  other,	
  resul'ng	
  in	
  stress	
  and	
  
deforma'on.	
  

–  constraints	
  pushing	
  against	
  each	
  other	
  will	
  “lurch*”	
  when	
  forces	
  
exceed	
  threshold	
  	
  

•  Kinema'c	
  constraint	
  :	
  	
  
–  All	
  DoFs	
  are	
  constrained,	
  and	
  very	
  strictly,	
  none	
  are	
  

overconstrained	
  
•  Semi-­‐Kinema'c	
  :	
  	
  

–  Slight	
  overconstraint	
  is	
  allowed	
  
*An	
  act	
  or	
  instance	
  of	
  swaying	
  abruptly	
  



Kinema'c	
  Pairs	
  

•  Machines	
  and	
  instruments	
  are	
  made	
  up	
  of	
  
elements	
  that	
  are	
  suitably	
  arranged	
  and	
  many	
  
of	
  which	
  that	
  are	
  movably	
  connected.	
  

•  Two	
  parts	
  that	
  are	
  in	
  contact	
  and	
  move	
  
rela've	
  to	
  one	
  another	
  are	
  called	
  kinema8c	
  
“pairs”	
  or	
  can	
  be	
  thought	
  of	
  as	
  being	
  
kinema'cally	
  coupled.	
  



Contact	
  points	
  &	
  degrees	
  of	
  freedom	
  

•  The	
  number	
  of	
  contact	
  points	
  between	
  any	
  two	
  
rigid	
  bodies	
  is	
  equal	
  to	
  the	
  number	
  of	
  their	
  
mutual	
  constraints	
  

•  Examples:	
  
–  Sphere	
  on	
  a	
  plane	
  	
  

•  one	
  contact	
  point	
  
•  Mo'on	
  with	
  respect	
  to	
  plane	
  is	
  constrained	
  in	
  Z	
  

–  Sphere	
  in	
  a	
  trihedral	
  hole	
  
•  Three	
  points	
  in	
  contact	
  	
  
•  Three	
  transla'ons	
  are	
  constrained	
  



3-­‐point	
  support	
  
3	
  contacts	
  on	
  plane	
  

•  Case	
  study	
  
–  4	
  points	
  on	
  a	
  plane	
  
–  2	
  points	
  on	
  a	
  plane	
  
–  3	
  points	
  on	
  a	
  line	
  



4-­‐point	
  support	
  
•  Balls	
  provide	
  posi'on	
  constraint.	
  
•  Springs	
  &	
  gravity	
  provide	
  preload.	
  NO	
  CONSTRAINT!	
  



5-­‐point	
  constraint	
  
•  One	
  DoF	
  lec	
  	
  
•  Small	
  mo'on	
  :	
  Rota'on	
  about	
  point	
  A	
  



Mechanical	
  indeterminacy	
  example	
  



Instantaneous	
  center	
  of	
  rota'on	
  
•  Instantaneous	
  degree	
  of	
  freedom	
  is	
  rota'on	
  
about	
  a	
  well	
  defined	
  point	
  	
  for	
  small	
  mo'ons	
  

•  For	
  large	
  mo'ons,	
  the	
  geometry	
  changes	
  and	
  the	
  
posi'on	
  of	
  this	
  instantaneous	
  center	
  of	
  rota'on	
  
moves.	
  

hdp://kmoddl.library.cornell.edu/resources.php?id=125	
  	
  
hdp://pergatory.mit.edu/2.007/lectures/2002/Lectures/Topic_04_Linkages.pdf	
  



Use	
  of	
  balls	
  
•  Use	
  symmetry	
  of	
  balls	
  
•  Material:	
  stainless	
  steel,	
  tungsten	
  carbide,	
  silicon	
  nitride,	
  diamond	
  
•  Constrain	
  posi'on	
  in	
  1,	
  2,	
  or	
  3	
  DoF.	
  	
  
•  Always	
  leaves	
  rota'on	
  about	
  3	
  axes	
  about	
  center	
  of	
  curvature,	
  If	
  

the	
  ball	
  is	
  smooth	
  



Possible	
  arrangements	
  of	
  constraints	
  
for	
  degrees	
  of	
  freedom	
  0-­‐5	
  

•  One	
  constraint	
  	
  
•  Five	
  DOF	
  	
  
•  This	
  will	
  prevent	
  a	
  
transla'on	
  in	
  the	
  
direc'on	
  of	
  the	
  force	
  
closing	
  the	
  constraint	
  

•  Two	
  constraint	
  	
  
•  Four	
  DOF	
  	
  
•  One	
  of	
  them	
  will	
  prevent	
  
a	
  rota'on	
  or	
  transla'on	
  	
  
One	
  of	
  them	
  will	
  prevent	
  
a	
  transla'on	
  



Possible	
  arrangements	
  of	
  constraints	
  
for	
  degrees	
  of	
  freedom	
  0-­‐5	
  

•  3	
  constraints	
  	
  
•  3	
  degrees	
  of	
  freedom	
  

•  4	
  constraints	
  	
  
•  2	
  DOFs	
  

Trihedal	
  	
  	
  	
  Plate	
  



Possible	
  arrangements	
  of	
  constraints	
  
for	
  degrees	
  of	
  freedom	
  0-­‐5	
  

•  5	
  constraints	
  	
  
•  1	
  DOF	
  

•  6	
  constraints	
  
•  6	
  DOF	
  



Kinema'c	
  interface	
  

Split	
  Vee	
  block	
  with	
  
a	
  large	
  sphere	
  

Small	
  spherical	
  bodons	
  
of	
  a	
  large	
  spherical	
  
radius	
  and	
  split	
  Vee	
  
block	
  



3	
  V	
  geometry	
  
•  Ideally	
  the	
  normals	
  to	
  the	
  contact	
  planes	
  should	
  
bisect	
  the	
  coupling	
  triangle’s	
  angles:	
  

Solcum	
  



Kinema'c	
  hardware	
  



Kinema'c	
  loca'on	
  
•  Since	
  the	
  point	
  contacts	
  are	
  well	
  defined,	
  the	
  loca8on	
  
is	
  repeatable	
  to	
  sub-­‐micron.	
  

•  Defini'on	
  of	
  the	
  point	
  contact	
  depends	
  on	
  fric'on,	
  
surface	
  finish,	
  loads.	
  



Applica'on	
  of	
  kinema'c	
  constraint	
  for	
  
precision	
  mo'on	
  

•  For	
  three	
  balls	
  fixed,	
  
kinema'c	
  constraint	
  

•  Move	
  one	
  ball	
  at	
  a	
  'me	
  
(with	
  micrometer)	
  to	
  
rotate	
  the	
  stage	
  about	
  the	
  
axis	
  defined	
  by	
  the	
  other	
  
two	
  balls	
  

•  Very	
  stable	
  	
  
•  Smooth	
  mo'on	
  
•  Not	
  shown,	
  springs	
  that	
  

hold	
  this	
  together	
  



Applica'on	
  of	
  kinema'c	
  concepts	
  for	
  
mo'on	
  control	
  

•  5	
  DoFs	
  constrained	
  using	
  kinema'c	
  principles	
  	
  
•  Remaining	
  DoF	
  is	
  used	
  for	
  the	
  mo'on	
  



Direc'on	
  of	
  V	
  and	
  preload	
  
•  A	
  moment	
  applied	
  about	
  any	
  axis	
  

in	
  the	
  plane	
  of	
  the	
  vees	
  produces	
  
equal	
  reac'on	
  at	
  all	
  vees	
  

•  The	
  moment	
  required	
  to	
  unseat	
  
one	
  vee	
  while	
  pivo'ng	
  about	
  the	
  
other	
  two	
  vees	
  is	
  a	
  factor	
  of	
  two	
  
less	
  than	
  the	
  moment	
  required	
  to	
  
unseat	
  two	
  vees	
  while	
  pivo'ng	
  
about	
  the	
  third	
  vee.	
  



Problems	
  with	
  point	
  and	
  line	
  contact	
  

•  Nominally,	
  the	
  contact	
  area	
  is	
  zero	
  for	
  a	
  point	
  or	
  line	
  
•  In	
  reality,	
  the	
  contact	
  area	
  comes	
  from	
  deforma8ons	
  and	
  depends	
  

on	
  the	
  geometry	
  and	
  material	
  proper8es.	
  	
  
•  More	
  force	
  causes	
  more	
  deforma8on	
  which	
  increases	
  the	
  contact	
  

area.	
  	
  
•  Non-­‐point	
  contact	
  =	
  not	
  purely	
  kinema8c	
  	
  
•  S8ffness	
  of	
  the	
  interface	
  =	
  Force	
  required	
  for	
  displacement	
  is	
  very	
  

low	
  for	
  the	
  unloaded	
  case.	
  and	
  very	
  nonlinear.	
  	
  
•  Preload	
  is	
  required	
  to	
  make	
  the	
  structure	
  s8ffer.	
  
•  Increased	
  preloading	
  makes	
  s8ffer,	
  more	
  stable	
  interface	
  in	
  

normal	
  direc8on	
  
•  	
  But:	
  Stress	
  =	
  Force/Area	
  becomes	
  very	
  high	
  and	
  can	
  damage	
  the	
  

materials	
  	
  
•  Tangen8al	
  effects	
  due	
  to	
  fric8on	
  can	
  be	
  large	
  



Contact	
  stress	
  





Effect	
  of	
  contact	
  stress	
  
•  Contact	
  stress	
  can	
  cause	
  frelng	
  of	
  the	
  surface	
  
•  Lubrica'on	
  helps.	
  	
  
•  Aluminum	
  is	
  very	
  bad.	
  	
  
•  Different	
  materials	
  works	
  best	
  





Repeatability	
  as	
  func'on	
  of	
  geometry	
  

•  Non-­‐repeatability	
  per	
  ball/
plane	
  interface	
  is	
  

•  For	
  the	
  system	
  (mostly	
  
horizontal):	
  





Use	
  geometry	
  to	
  reduce	
  contact	
  stress	
  

•  Canoe	
  ball,	
  1	
  meter	
  ROC	
  	
  
– Baltek	
  



Use	
  geometry	
  to	
  reduce	
  contact	
  stress	
  

•  Spherolinder	
  (G2	
  Engineering)	
  



Semi-­‐kinema'c	
  design	
  



Cylinders	
  in	
  V’s	
  
•  Easy	
  to	
  make	
  to	
  high	
  accuracy	
  
•  Leaves	
  axial	
  mo'on,	
  clocking	
  rota'on	
  unconstrained	
  



Cylinders	
  in	
  V’s	
  















Exact	
  constraint	
  design	
  I	
  
Blanding	
  (1999)	
  has	
  developed	
  a	
  comprehensive	
  approach	
  to	
  kinema'c	
  

design.	
  The	
  basic	
  concepts	
  are:	
  
1.  Points	
  on	
  the	
  object	
  along	
  the	
  constraint	
  line	
  can	
  move	
  only	
  at	
  right	
  

angles	
  to	
  the	
  constraint	
  line,	
  not	
  along	
  it	
  
–  The	
  constraint	
  (link)	
  is	
  “rigid”,	
  so	
  it	
  cannot	
  stretch	
  or	
  shorten.	
  	
  
–  The	
  component	
  of	
  mo'on	
  must	
  be	
  perpendicular	
  to	
  the	
  constraint.	
  

2.  An	
  unconstrained	
  2-­‐D	
  object	
  has	
  3	
  DOF	
  (two	
  transla'ons,	
  one	
  rota'on).	
  	
  
–  One	
  constraint	
  will	
  eliminate	
  1	
  degree	
  of	
  transla'onal	
  freedom.	
  
–  As	
  a	
  result,	
  the	
  object	
  will	
  have	
  two	
  independent	
  degrees	
  of	
  freedom:	
  a	
  

rota'onal	
  degree	
  of	
  freedom	
  that	
  intersects	
  the	
  constraint	
  line	
  (anywhere),	
  
and	
  a	
  transla'onal	
  degree	
  of	
  freedom	
  perpendicular	
  to	
  the	
  constraint	
  line.	
  	
  

3.  Try	
  to	
  avoid	
  overconstraint!	
  	
  
–  Parts	
  will	
  not	
  fit	
  properly	
  
–  Assembly	
  will	
  either	
  be	
  too	
  loose	
  or	
  too	
  'ght	
  	
  
–  Internal	
  stresses	
  will	
  buildup	
  or	
  will	
  be	
  transferred	
  
–  Warping,	
  bowing,	
  non-­‐repeatable	
  behavior	
  due	
  to	
  s'ck-­‐slip,	
  premature	
  failure	
  


