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"
Optics

= Study of light

11ln wave optics or physical optics light is an
electromagnetic wave. Example phenomena:
diffraction, interference,...

1ln geometrical optics light is a ray. Example:
refraction, reflection, ...

11ln quantum optics light is a particle. Example:
absorption, emission, laser action, ...
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Wave

m A self sustaining energy-carrying disturbance of
a medium through which it propagates.

1Longitudinal wave: the medium is displaced
In the direction of motion of the wave.

O Transverse wave: the medium is displaced in
a direction perpendicular to that of the motion
of the wave.

m WWhen a wave propagates, the disturbance
advances, not the medium. That is why waves
can propagate faster than the medium carrying
them (Leonardo da Vinci).
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Mathematical expression of a wave

The most general form of a one-dimentional
wavefunction is yw(x,7) = f(x,t) where y is a
disturbance and f is the shape of it.

If we choose a function of x (a shape) and let

x — x -Vt then we have a wavefunction moving

In + x direction with speed of V.

It is also common to express a wave as a function

X N x=Vt\ X
Of(t_V)' f(x Vt)—F( — j—F(z‘ Vj
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Exercise

1.1) Use MATLAB or equivalent software for plotting.
a) Make a bell-shaped wavefunction moving in +x
diraction.

b) Make a wavefunction moving in -x from the
following pulse 7(x)=3/(10x" +1).

c) Plot both wavefunctions atr=-2, -1, 0, 1, 2, 3s

Ans. a) Bell shape or the Gaussian function f(x) =™,y (x,1) = """

D)V = o
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Note

m One-dimensional (1D) wave: direction of
propagation is a function of one space variable.
Example: disturbance in a rope.

= Two-dimensional (2D) wave: direction of
propagation is a function of two space variables.
Example: ripples in a pond (circular).
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Wave equation

Maxwell showed that light is a transverse wave with electric and
magnetic fields varying in directions perpendicular to the direction of
propagation. It can be expressed by a second order differential
equation.

In 1D, the wave equation is:

azl/f(x,t): 1 °w(x,1)
ox” V:  or

W(x, t) is the wavefunction representing the disturbance as a function
of space and time. Vis the speed of the disturbance.

This is a homogeneous equation means it does not contain ¥ by
itself; equivalent to lack of driving source.

Un-damped means it does not contain a first order time derivative of
W; equivalent to lack of resistance.

It is a linear equation since all derivatives appear in first power.
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Exercise

1.2) Show that w(x.f) = f(xF V) is a solution to the one-dimentional

2 2
IVt _ 1 IVED \what kind of
ox V< ot
differential equation is this? How many constants do we need to

differential wave equation

express y(x,t) uniquely? Define the constants™.
1.3) superposition priciple for linear diff. equations: If v, (x,¢) and

w,(x,t) are both solutions of the differential wave equation, show
that ay, (x,7)+ by, (x,¢) is also a solution where a and » are constants.

3.0
1.4) Show that the expression w(x,?) = Ae'4(x 2" IS a progressive

wave that is solution of the wave equation. What is the velocity of
this wave (magnitude and direction)?
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Answers

1.2) take derivative of v with respect to x and ¢ twice
and insert into the differential equation. This is a linear
second order differential equation. Since the equation
IS second order we need two constants which are
amplitude and frequency.

1.3) Take derivative of the ay, + by, and insert into

the wave equation.

1.4) Need to show that the expression is a solution

to the wave equation with ' =-3/2 In negative x direction.
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Waves In three dimension

The one-dimensional wave equation can be written in there-
dimensions if:

a) all three space variables appear symmetrically

b) by interchanging the space variables the equation do not
change (right or left-nandedness of the system has to remain
the same). Wave equation in Cartezian coordinates:
821//+82w+821//: : 821//; with V? = o + o + o ,

x> 9y dz° V* ot x> dy° 0z’

We have the concise form of the 3D wave equation:

1 %y
Viy =
i vV ot
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Harmonic waves |

A wave with sinusoidal profile is said to be harmonic.

W (x,0)= Asinkx

A progressive wave function made of such a profile is then
W(x,t)=Asink(xFVt)

Why we need k the propagation constant? Argument of a sin
function has to be unitless so the positive constant & provides
that condition [k]=1/L.

Two conditons for having harmonic waves:

The wavefuction has to repeat itself after a spatial period A.

The wavefuction has to repeat itself after a temporal period 7.
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Harmonic waves ||

Period: the number of units of time per one wave or 7 =

x_4
vV oV
Frequency: reciprocal of period or number of waves per unit time
Vv

orv=f=

Amplitude: the maximum value of the disturbance w.

Since —1<sinkx <1, the amplitude is equal to 4
Angular frequency: w =2nv ( Aw=2r radian is equal to one cycle)

A harmonic wavefunction, y(x,7) = Asin(kx ¥ wt) ranges from - to
+o0 in space and time and it is a mathematical idealization for a truly

monochromatic or single frequency wave.

In reality we only have quasi-monochromatic waves.
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Exercise

1.5) Show that for a harmonic wave k=2x/A

1.6) Show that for a harmonic wave t=A1/V

1.7) Sketch the wave w(x,t) = Asin(kx-wt) at r=0, 7/4,

t/2, 3t/4,7. Use MATLAB to plot the function at these times.
1.8) Verify that the harmonic wavefunction is a solution of
the 1-dimensional differential wave equation.

1.9) Prove that the following expressions are all alternatives
for the harmonic wavefunction v = 4sin(kx ¥ wr)

y = Asin2r( % )= 4sin 2V(-F 1) = Asin2a(kxF Vi)
T

Where V' is velocity of the wave and k=1/4 is the wavenumber.
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Phase of a wave

Phase of a harmonic wave: the argument of the sin function.
nitial phase: value of the phase atr=0, x=0.

f ¢ =0 at this point then the function has zero initial phase.

For the wavefunction v = 4sin(kx ¥ wt) what is the phase

and the initial phase?
What is the initial phase of the folowing wavefunction?

W =Asin(kxFwt+¢€)?

Eradat sjsu s2010
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Phase velocity of a wave

Constant-phase point: a point on a progressive wave with a

constant magnitude of the disturbance.

V(x,t)= Asin(kxF wt+¢€)
Phase velocity of a wave is speed of the motion of a

constant-phase point on a disturbance ¥V, . :%
¢

Phase velocity is speed of the motion of the disturbance.

Ex: calculate value of the phase velocity for the above wave.

Phase of a harmonic wave attime t: o =kxFwr+¢

For constant phase: 99 =0— ka—x
ot ot |,
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Exercise

1.10) For the wavefunction y(x,7) =10’ sin £ (3x10°x +9x10°#+0.5)

in Sl units find the following quantities:

a) speed, b) wavelength, c) frequency, d) period, €) amplitude,

f) phase, g) initial phase, h) phase at r =10 s, i) phase velocity,

j) compare the speed and the phase velocity.

k) what is the direction of the motion of the wave. Does phase velocity
indicate the direction of motion properly?

k) what is magnitude of the wave atx=0 whenr=0,7/4,7/2,3t/4,77?
) plot the profile of the wave at r = 0 with initial pahse equal to 0, 0.5x,
T, 2TT.
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Complex numbers representation

More often wavefunctions are expressed in complex exponentials

since complex exponentials can simplify the trigonometric expressions.

z=x+jyor z=x+pjior jzx/j and both x and y are real numbers.

zl= X2 +)%; tangp=2
X

We can also write z = 4¢”

,lmaginary

Euler's formula: e =cos¢ +isin¢ X+iy

z=A(cos¢+ising) where
x=Acos¢ and y=Asing

A=+/x*+y" is the magnitude or amplitude

=Asin f

y

X=Ac0oS f Real

Argand diagram

¢ =tan"' (y) is the phase

X

z =x—iy is the complex conjugate of z.
Eradat sjsu s2010 17
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Exercise

1.11) Show that: a)zz" = 4°; b)| A|=Vzz , c¢)Re(2) =%(z+ z);

i —i¢) 9 _—ig . ‘

d)cos¢ = c -;e , e)sing = € 2.e ) zz, = A A if z = Ae”
l

and z, = 4,e"; g) w= 4" is unchanged if the phase is increased

or decreased by 27; h) multiplying a complex wavefunction by *i is

equivalent to shifting its phase by +/2 (Hint: first show +i=¢""");
i) Show that if two harmonic waves (cosine) with same amplitude,
speed, and frequency (one forward going the other backward) with
r difference in phase overlap, the resultis: w(y,t)=-2Asin kysin wt
Plot this result. Have you seen it before? Interprete your results.
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Harmonic plane wave |

Plane waves are very important in optics.
For the plane waves the wavefront is planar.

All the points on a wavefront share a constant phase.

Write equation of a plane that is passing through p,(x,, y,, z,)

and is perpendicular to a given direction, k (direction of
Z 4

propagation). ‘
Consider an arbitrary point p k
on the plane. We must have:
(r-r,)k=0. P(X,Y,2)
Thus ker =Ker, = constnt 7

F
is equation of such a plane Po (Xo:Ye720)

»Y

perpendicular to k (2.7 Hecht).
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Harmonic plane wave I

ker =Kker, = constnt is equation of a plane perpendicular to k

and passing through p,.

v (r) = 4Asin(ker) is equation of a harmonic wave with its phase function
defined on a family of planes all perpendicular to k.

Phase of this wavefunction stays the same as long as its value is
Ker = Kker, = constant

On each of these planes w(r) is constant,

but from plane to plane v (r) varies sinusoidally.

The progressive wave equation is then:

y(r,t) = Asin(ker T wt) or

w(r,t)= Ae' =4 cos(ker F wt) +id sin(ker F wx)

Amplitude of a plane wave stays constant as it propagates.
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" A
Value of the plane wavefunction
along the propagation direction

Eradat sjsu
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Harmonic spherical wave

By solving the differential spherical wave equation we can
arrive at harmonic spherical wave function (2.9 on Hecht):

y(r,t)= ésin k(r 1't); w(r,f)= éeik(r:w)
r

r
that represents cluster of concentric shperes at any instance.

On each sphere r is constant so y(r,¢) is constant.
Here A4, the source strength is a constant.
4 Is amplitude and it varies inversly with the distance from

r
the source to conserve the energy.
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Wavefront

Wavefront: a surface over which the phase of a wave is
constant.

For plane waves the wavefronts are planar surfaces for
which k.r=constant.

For spherical waves the wavefronts are concentric
spheres centered at origin of the wave.

Homogeneous waves: the wavefunction is constant over
the wavefront, i.e. amplitude is constant.

Inhomogeneous waves: the amplitude A of the
wavefunction is not constant over the wavefrnt and is
function of space A(r).

Example of an inhomogeneous wave function?
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Exercise

1.12) Show that w(x, y,z) = 4> P75 s a solution to the 3D
wave equation. Here «a, 3, y are the direction cosines.

(Hint: a=k_/k, B=k, /k, y=k /k And remember a* + B’ +y* =1)

1.13) Show that y(r,t) = SV s the solution to the 3D wave

r
equation which corresponds to a spherical disturbance centered

at the origin and moving outward with speed of V. Here f(r-V%) is
an arbitrary twice differentiable function (Hint: Laplasian is not the
same in all coordinate systems).
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Electromagnetic waves

- The harmonic wave equation can represent any type of
disturbance with sinusoidal behavior.
- Physical significance of the disturbance is different for different

systems.

- Maxwell showed that light is composed of electric and magnetic
fields oscillating perpendicular to each other and propagating in
the direction k, perpendicular to the plane of oscillations.

- For light waves the disturbance is the magnitude of time-varying
electric or magnetic fields that are described with the following

_ i(kor—mwt)
E = Eoe

_ i(kr—mt)
B = Boe

Eradat sjsu s2010 25
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Electric and magnetic fields

Electric fields are generated by electric charges and
time-verying magnetic fields.
Magnetic fields are generated by electric currents

(charge in motion) and time-varying electric fields.

This intedependence of the E and B is a key point in
description of the light.

Lorentz force: an electric charge g, moving with velocity

of v in an area that contains both E and B fileds, feels
forces due to existance of both fields.
F=q- (E+vXB)
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Before Maxwell

Faraday's induction law: a time-varying magnetic field will have an

electric field associated with it. Sf)CE- d?z - J %—]: - ds

A

Gauss's law-electric: @, = <ﬁ>AE -ds = giﬂjpdV = g,
0 v

&

When there are no sources or sinks of electric field within a region
encompassed by a closed surface, the net flux through the surface = zero.

Gauss's law-magnetic: @, = gﬁj}AB -ds =0,

There is no magnetic monopole or a single charge as a source for the M-field

Ampere's circuital law: CﬁCB- dl = ,LLH(J + eaal;:j -ds, a time-varying
A

E-field or charges in motion (electric current) will generate a B-field
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Maxwell equations; integral forms

Behavior of electric and magnetic fields in a medium with
electric permitivity €, and magnetic permeability u, in
presence of free charges p, and current density J, is explained
by four integral equations known as Maxwell equations.

<J5E dl =- j—ds
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Compact notation: good-looking, and

cool equations

Eradat sjsu s2010

y  © Original Artist
Reprod uction: rlghts obtainable from

v CartoonStock.com

e, 2.¢.
ggjt CAS .
2. oG e

000, I'VE THOUGHT OF A NEW ONE!
TWO SQUIGGLES AND A BACKWARDS 6!
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Maxwell equations; differential form

<j>E di =- j— ds anE——%—?
qSCE-dY:H(J+g%—?j-ds wXB:u(ugaa_f)
A
b B-ds=0 —~V-B=0
€E-ds=[[[pav SV.E g

We used the following theorems: Stoke's cﬁcE di=[[VXE-ds

o
A

Gauss's ﬁAB - ds =: ]V-BdV
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Constitutive relations
H = Magnetic field; B =Magnetic induction;
E =Electric field; D =Electric displacement; J = Current density;
Constituitive relations are: D =D(E,B); H=H(E,B); J=J(E,B)
These relations may be nonliner or depend on the past (hysteresis).

Linear response: the applied fields are small so they induce electric

and magnetic polarizations proportional to the magnitude of the
applied field (ferroelectric and ferromagnetic material are exceptions)

D Zeﬁ 5 H Zu-lB

€5 IS electrlc perm|t|V|ty or dielectric tensor

“&;13 IS Inverse magnetic permitivity tensor
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Linear and nonlinear material (optics)

At low electric fields every almost material is linear
-1
D, Ze By H Z U B

€5 IS electrlc perm|t|V|ty or dielectric tensor

,u;; IS Inverse magnetic permitivity tensor

For material isotropic in space both € and u are

diagonal and all elements are equal then:
D=¢E and H=uB
At high enough fields every material is nonlinear

D Zg“)E +Ze(zﬁ)EﬁEy+

for most of optlcal material =1
Eradat sjsu s2010 32
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Electric fields in medium

1) P polarization vector: P = ¢ yE electric dipole moment per unit volume.

2) D displacement field: D = ¢ E + P electric field within the material

3) E internal electric field: E = b_F and we have D=¢(E)E=¢ ¢ (E)E

& &

D and E lines begin and end on free charges or polarization cahrges.

In absence of free charge field lines close on temselves

(V-E=V-D=0).

For homogeneous, linear, isotropic dielectrics P & E have same direction

soD=¢E, where e=¢ (1+y),andK =¢ =¢/¢ =1+y
e&e are the dielectric (& relative dielectric)constant or function.

4) Ohm's law: electric field intensity determines the flow of cahrge in a

conductor J = oE (V = IR), true for conductors at constant temperature.
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Constitutive relations: magnetic
fields in a medium

1) M magnetic polarization vector: M =K H.

2) H magnetic field intensity: H = 1, B — M.,

For homogeneous, linear (nonferromagnetic), isotropic

medium B and H are parallel and proportional,

H=u"Band u=pu,(1+K )and u - A

Ho
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Maxwell equations using the
constitutive relations

Good for vacuum Good inside a material
VXE:—a—B erE:—a—B
ot ot
v.E=" SV.D=p
£
oE oD
VXxB=ulJ+e— - VXxH=J+—
M( arj ot
V-B=0 —->V-B=0

WithD=¢E & B=u'H

Eradat sjsu s2010
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The wave equation for the E and M
components of the EM waves

Maxwell equations in nonconducting vavuum (p=0,J =0,e =€, = U,)

oB oE
() VXE= R (2) VxB=pue, >

(3) V-B=0, (4) V-E=0

Take curl of (1) and use (2) to eliminate B, VXV X E = —%(V X B),

2 2
VXVXE=-ue, aa E , V(V-E)-V’E=—p ¢, aaE using (4) we get

t° t°

2 2
differential wave equation:| V’E = u ¢, 0 ];: = 12 0 ]23 with 7 = — L = ¢
ot V<© ot U,E,
B 1 0B

We can also show] V°B = 11 g, TV o
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Exercise

1.14) a) Given a harmonic plane electromagnetic wave

whose E —field is: E(x,7)=E,, sin[m(i—%j+ g}

determine the corresponding B field, direction of both E
and B fields. Make a sketch of the wave.

b) What is the direction of propagation of this wave?

c) Prove that for the above harmonic wave, direction of the
propagation vector is along the + x direction.

Hint: propagation of an electromagnetic wave is along the

cross product of E and B or ExB.
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Exercise 1.14

E

B

lz]: : y-component only
B: z-component only

C ght © 2004 P Edi Inc,, as Addson Wesley,
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The electromagnetic spectrum

O
e
)]
-
O
e E
o o
=
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D o
L o
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m UHF
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400 nm

500 nm

— 600 nm

700 nm
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The index of refraction

Velocity of light based on Maxwell's theoretical treatment in vacuum is

and in medium is V = L.

1
€, Jeu

Absolute index of refraction defined as: n = % - | JE =K u .
gO‘uO

The E field of an EM wave polarizes the medium and the

C =

displacement field D=¢ E+P =¢ E+ ¢ yP = €E changes.

The result is change in € and consequently in» and V,

speed of light in the medium.

£(w) and n(w) are functions of the frequency of the EM waves.

/8
Usually u=u son= |—=.e =,/K;
y‘u ‘uO hn 80 r e

K or e isthe complex dielectric function SO 7 is not real anymore.
Eradat sjsu s2010
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Physical meaning of the index of
refraction |

Consider a general case where n is a complex number
n=n'+in". Consider the E component of a plane wave,

_ i(k-r-mwt)
E=Ege
where k, the propagation vector in medium is complex.
k, is propagation vector in vacuum.

With V' = M the phase velocity, and ‘k‘ o_on

C

i(kx—wt) _ (" x—o) i((n *in )wx—a)t) _nlox iw(ﬂ_t)
E — E e E e C — E e c _ E e c e .
0y 0y 0
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Meaning of the index of refraction |l

n"wx . n'x n"wx
io(—-—t)

E=Ee e ¢ where e ¢ isa realterm

and decays exponentially as wave propagates.

n'x
io(—-—t)

e ¢ has a harmonic wave form and propagates
without loss. This suggests that
n", the imaginary part of » is associated with absorption.

n', the real part of » is associated with propagation.
In absence of n", the case in many dielectrics in the

visible part of the EM spectrum, » is simply the ratio
of the speeds in vacuum and in the medium, also called

A
absolute index of refraction: n=n'= c_9% k — k =0
V. ko k, A
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Frequency dependence of the
index of refraction

Index of refraction (n)

1.7
White
light
ate flint glas
1.6 te flint gl S Measure of
dispersion
Quartz
ite crown gl The wavelength dependence of n is
15 stronger at short wavelengths or high
i frequenC|e§. | | |
: For most dielectrics the imaginary
Fluorite part of the n is negligible in the visible
band
1.4
400 500 600 700
Wavelength in vacuum (nm)
publishing as Addison Wosley Eradat sjsu s2010
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Exercise

1.15) Suppose a light wave propagates from point A to point B.
We introduce a glass plate (» =1.50) of thickness 1m into its path.
a) How much phase of the wave will be altered at point B if

A, =500 nm? Assume n . =1.00.

b) What is the phase velocity of the wave in the glass?

Eradat sjsu s2010
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Energy and momentum |

Physical manifestation of electromagnetic waves is their enegy and
momentum.
Energy density u, is radiant energy per unit volume

In order to calculate the energy content of the EM waves we start from
V- (ExH)=H-(VXE)—-E-(VxH)

Using V><E:—aa—lt3 and V><H:J+%—]t) and J =cE

V- (ExH)= (—a—B) E- (—) EJ=H. (—a—B) E- (—) oEE

Ha_B H.a(uH)_la(uH.H) a(lquj

ot o 2 ot ot
£ D _ L AEE) _13¢EE)_d(1
ot ot 2 ot ot 2

Lep il ,uH2 ] oE’

V- (EX H)_—i(2

Eradat sjsu s2010 at



J
Energy and momentum I

V-(ExH)= —aat(;gEz +%,uH2 j—c;E2

Integrating both sides over a volume V, and applying the
divergence theorem j'V-(ExH) dV = <j>E><H-ds
14 S

<J}ExH.ds=—3j Lep il dv-|oE*dv
S dt v\ 2 2 )

This is equal to power rate leaving the volume from its surface.

First two terms of RHS: time-rate of change of energy stored in
electric and magnetic fields.

Third term of RHS: ohmic power dissipated in the volume as a
result of conduction current density oE in presence of E.

Thus the ExH is a vector representing power flow per unit volume.
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Poynting’'s Theorem

S=P=ExH=ExB/u (W/m")is known as Poynting vector.

S is a vector in the direction of propagation .
\S\ = power density crossing a surface whose normal is parallel to S.
Poynting's theorem: surface integral of P or S over a closed

surface §, equals the power leaving the enclosed volume V.
—gﬁs.dszij(ue +um)a’V+j13dV where
S 5t V V

U, = Lep = lep v =L D D" =Electric energy density
2 2 2€

U, = lqu = l,uH-H* _lpp- Magnetic energy density
2 2 24

P. =0E’>=cE-E = Ohmic power density

Eradat sjsu s2010 a7
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Exercise

1.16) a) Prove that for a harmonic plane electromagnetic
wave E =E cos(k - r—ax), traveling through an insulating

E|=V
b) Calculate the magnitude of the poynting vector

Isotropic medium,

B| and in vacuum [E|=¢|B|.

c) Prove that the energy content of this plane wave, in unit
volume, due to electric and magnetic fields is equal.
d) Calculate the total energy per unit volume.
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Irradiance

Irradiance I, or the amount of light: average energy over unit area per

unit time.

I is independent of detector area 4, and duration of measurement.

Time averaged value of the Poynting vector S, or irradiance is:

Note that the averaging time T > 7, has to be much greater than the
period.
Irradince is proportional to the square of the amplitude of the E field.

For linear, homogeneous, isotropic dielectric

1 :5V<E2>T In vacuum: / :eoc<E2>T =80662 <BZ>T —EyC ,Uoleo <Bz>T :uiO<BZ>T

Eradat sjsu s2010 49



"
Exercise

1.17) a) Calculate time average of the harmonic plane wave
E=E """ over atime of T (T is not temporal period of the wave).

b) Calculate the (cos(kx-r)), , (sin(kx-w?), , (cos(kx- 1)), ,

<sin(kx-a)t)>i. Use the notation sinc x= o>
X

c) Use the results of parts a and b to show that for plane waves

in vacuum 7 =(S)_ :%Ej

d) Calculate the optical flux density for the plane EM wave with
the following electrical (also called optical) field moving in vacuum

E ,=E, =0, E, =100sin {Sﬂxw”(t— i ﬂ (Ans: 133 W /)

3x10°
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Exercise

1.18) A 60 watts monochromatic point source radiating equally
in all directions in vacuum is being monitored at a distance of 2.0 m.

Using the the fact that u, = 47 x10” Ns’C?, determine the amplitude
of the E —field at the detector. (Ans: E, =30 V' /m)
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